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Abstract

In the absence of experimental methods for determining concentrations of species in protein-ligand binding, it is
not possible to determine the thermodynamic properties of species directly. However, this article on a simple reaction
system shows that measurements of the average number of oxygen molecules bound at variousT, pH and
concentrations of molecular oxygen can be used to calculate thermodynamic properties of species. The simple system
considered has some of the characteristics of the binding of oxygen by hemoglobin, but it has been simplified so that
the method for obtaining thermodynamic information can be clarified. A table of standard thermodynamic properties
of species is the most efficient way to store thermodynamic information on a reaction system. All the standard further
transformed thermodynamic properties at specifiedT, pH and concentrations of molecular oxygen, all the standard
transformed thermodynamic properties at specifiedT and pH, and all the standard thermodynamic properties of
species at a specified temperature can be calculated. These calculations are based on the fact that the mathematical
function for the standard further transformed Gibbs energy of the system contains all the thermodynamic information
on the system. These properties are all interrelated by Maxwell equations.
� 2003 Elsevier B.V. All rights reserved.
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1. Introduction

The previous articlew1x dealt with the funda-
mental equations for the Gibbs energyG, trans-
formed Gibbs energy G9, and the further
transformed Gibbs energyG99 for protein-ligand
binding and emphasized that it is the Maxwell
relations that provide the connection between
observables and standard thermodynamic proper-

*Tel.: q1-617-253-2456; fax:q1-617-253-7030.
E-mail address: Alberty@mit.edu(R.A. Alberty).

ties of reactants. In that article various thermody-
namic properties of a simple protein-ligand system
were calculated from pKs, a chemical equilibrium
constant and corresponding standard enthalpies of
reaction. It was pointed out that it is more difficult
to calculate species properties from experimental
values of standard further transformed properties
and standard transformed properties than to cal-
culate properties of pseudoisomer groups from
species properties. The calculation of thermody-
namic properties of a system at a specified pH and
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concentrations of molecular oxygen requires the
use of two Legendre transforms. The current article
is about calculations of species properties from
experimental values of average numbers of oxygen
molecules bound.

The simple reaction system considered is

where KswMxwO xywMO x. This reaction system2 2

has some of the characteristics of the hemoglobin–
oxygen system, but it is not meant to be a model
of that system that involves in addition the succes-
sive binding of four molecules of oxygen and the
partial dissociation of the tetramer into dimers.
This simple system is used to show how important
thermodynamic information can be obtained. This
simple reaction system was chosen because Anton-
ini, Wyman, Brunori, Fronticelli, Bucci and Rossi-
Fanelli w2x made a very thorough study of the
equilibrium constants and enthalpies of reaction
involved in human and horse hemoglobin. This
system can be referred to as H MO , where theav 2av

subscript av refers to the average numbers of
hydrogen ions and molecules of oxygen bound by
the macromolecule M. When the pH is specified,
the criterion for spontaneous change and equilib-
rium is provided by the transformed Gibbs energy
G9 that is defined by a Legendre transform of the
Gibbs energyw3,4x. When the equilibrium concen-
tration of molecular oxygen is specified in addi-
tion, a second Legendre transform is used to define
a further transformed Gibbs energyG99 w5x. When
a system like this is studied at a series of temper-
atures, pHs and concentrations of molecular oxy-
gen, all the thermodynamic information about
reactants and species can be obtained from the
standard further transformed Gibbs energy of for-
mation D G998 of H MO . Further informationf av 2av

on transformed thermodynamic properties is given
in w6x.

2. Derivation of a convenient expression for the
standard further transformed Gibbs energy of
a system at specified temperature, pH and con-
centration of molecular oxygen

The standard further transformed Gibbs energy
of formation of H MO is calculated from theav 2av

standard further transformed Gibbs energies of
formation of H M and H MO by usingav av 2

{D G998(H MO )syRTln expf av 2av

(yD G998(H M)yRT)f av

}qexp(yD G998(H MO )yRT) (2)f av 2

The symbols used here are the same as in the
previous paperw1x, which includes a Glossary. It
is convenient to write this equation in terms of the
hydrogen ion binding polynomials(partition func-
tions) for H M and H MO that are given byw7xav av 2

ypHqpK y2pHqpK qpK1M 1M 2MP s1q10 q10 (3)M

ypHqpK1MO2P s1q10MO2

y2pHqpK qpK1MO2 2MO2q10 (4)

The pKs are functions of ionic strength in
addition to temperature, but the use of the extended
Debye–Huckel theory is avoided here as a
simplification.

The standard further transformed Gibbs energy
of formation of H M is given byav

D G998(H M)sD G98(H M)f av f av

sD G8(M)yRTlnP (5)f M

where D G98(H M) is the standard transformedf av

Gibbs energy of formation of the pseudoisomer
group (M, HM and H M) and D G8(M) is the2 f

standard Gibbs energy of formation of the species
M. The standard further transformed Gibbs energy
of H M is equal to the standard transformed Gibbsav

energy of H M because this pseudoisomer groupav

does not contain bound oxygen. Note that
D G8(M)s0 at each temperature by convention.f

The standard further transformed Gibbs energy
of formation of H MO is given byav 2

D G998(H MO )sD G98(H MO )–D G(O ,aq)f av 2 f av 2 f 2

w xsD G98(H MO )–D G8(O ,aq)–RTln Of av 2 f 2 2

(6)



47R.A. Alberty / Biophysical Chemistry 105 (2003) 45–58

The standard transformed Gibbs energy of for-
mation of H MO can be written in terms of itsav 2

hydrogen ion binding polynomial as follows:

D G98(H MO )sD G8(MO )yRTlnP (7)f av 2 f 2 MO2

Substituting this equation into Eq.(6) yields

w xD G998(H MO )syRTln( O P yK) (8)f av 2 2 MO2

since yRTlnKsD G (O ,aq)yD G (MO ). Theo o
f 2 f 2

expression forD G998(H MO ) is obtained byf av 2av

substituting Eq.(5) and Eq.(8) in Eq. (2):

B Ew xO P2 MO2C FD G998(H MO )syRTln P qf av 2av M
D GK

B Ew xO2C FsyRTlnP yRTln 1qM 9
D GKO2

(9)

where the apparent equilibrium constant for the
biochemical reaction

H MO sH MqO (9b)av 2 av 2

is given by

w xw xH M O Pav 2 M9K s sKO2 w xH MO Pav 2 MO2

pK ypH pK qpK y2pH1M 1M 2M1q10 q10
sK pK ypH pK qpK y2pH1MO 1MO 2MO2 2 21q10 q10

(10)

On the basis of this rather brief introduction to
the thermodynamics of ligand binding, it is possi-
ble to state the main objective of this paper. If
D G998(H MO ) can be obtained as a functionf av 2av

of T, pH and concentration of molecular oxygen,
all of the standard further transformed thermody-
namic properties, standard transformed properties,
and standard properties of the species M, HM,
H M, MO , HMO and H MO can be calculated.2 2 2 2 2

The standard transformed Gibbs energy of forma-
tion D G998(H MO ) cannot be determinedf av 2av

directly, but the average numbers of oxygen mol-

ecules bound at variousT, pH, wO x can be2

measured. In this paper, will be calculated forN̄O2

system(1) at specified values of the three inde-
pendent variables, and then this table will be
treated as the only experimental data to be used to
calculate all the thermodynamic properties and a
number of relations between them.

3. Calculation of the average number of oxygen
molecules bound at specified temperatures, pHs
and concentrations of molecular oxygen

The values determined by Antonini and cowork-
ersw2x on the basis of the assumption that the acid
dissociations are independent were used to calcu-
late pK (293.15 K)s7.85 (D H s37.7 kJo

1M r

mol ), pK (293.15 K)s5.46 (D H sy6.3 kJy1 o
2M r

mol ), pK (293.15 K)s6.67 (D H s37.7y1 oMO1 2 r

kJ mol ), pK (293.15 K)s6.04 (D H sy1 oMO2 2 r

y6.3 kJ mol ), and K (293.15 K)s10y1 y5

(D H s60.7 kJ mol ). It is assumed that theseo y1
r

standard enthalpies of reaction are independent of
temperature. When these functions of temperature
are substituted in Eqs.(3), (4), (9) and (10) a
very complicated function ofT, pH and wO x is2

obtained forD G998(H MO ), but this equationf av 2av

can be derived with theMathematica w8x programR

calcstdfrtrGe given in Appendix A(see Math-
Source w9x).

The average number of oxygen molecules bound
can be calculated fromD G998 using the Maxwellf

relation w1x

B Ew xO ≠D G082 f¯ C FN sy (11)O2 w xD GRT ≠ O2 T,P,pH

and calculated values of are given in Table 1N̄O2

for two temperatures, nine pHs and six concentra-
tions of molecular oxygen(in M). A very wide
range of oxygen concentrations has been included
so that limiting values at both high and low oxygen
concentrations can be discussed.

Mathematica usually gives six numbers(not
counting zeros), and so it is difficult to decide
how many to round off. Here five places are kept
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Table 1
Average numbers of oxygen molecules bound

wO xs10y7
2 wO xs10y6

2 wO xs10y5
2 wO xs10y4

2 wO xs10y3
2 wO xs10y2

2

293.15 K
pH 5.0 0.00203 0.01997 0.16931 0.67085 0.95323 0.99512
pH 5.5 0.00156 0.01539 0.13520 0.60989 0.93988 0.99364
pH 6.0 0.00117 0.01158 0.10489 0.53956 0.92138 0.99154
pH 6.5 0.00118 0.01163 0.10527 0.54057 0.92167 0.99157
pH 7.0 0.00183 0.01801 0.15496 0.64711 0.94829 0.99458
pH 7.5 0.00353 0.03417 0.26133 0.77963 0.97251 0.99718
pH 8.0 0.00609 0.05771 0.37983 0.85964 0.98394 0.99837
pH 8.5 0.00822 0.07656 0.45327 0.89237 0.98808 0.99880
pH 9.0 0.00930 0.08578 0.48407 0.90368 0.98945 0.99894

313.15 K
pH 5.0 0.00043 0.00426 0.04101 0.29954 0.81048 0.97715
pH 5.5 0.00034 0.00339 0.03288 0.25374 0.77273 0.97143
pH 6.0 0.00028 0.00279 0.02726 0.21887 0.73698 0.96554
pH 6.5 0.00035 0.00353 0.03417 0.26131 0.77961 0.97251
pH 7.0 0.00065 0.00650 0.06144 0.39564 0.86749 0.98495
pH 7.5 0.00117 0.01156 0.10471 0.53908 0.92123 0.99152
pH 8.0 0.00164 0.01614 0.14091 0.62125 0.94254 0.99394
pH 8.5 0.00189 0.01856 0.15907 0.65417 0.94979 0.99474
pH 9.0 0.00199 0.01950 0.16592 0.66547 0.95214 0.99500

Table 2
Values of =10 Calculated from Table 19 5KO2

pH 293.15 K 313.15 K

5 4.91 23.38
5.5 6.40 29.41
6 8.53 35.69
6.5 8.50 28.27
7 5.45 15.28
7.5 2.83 8.55
8 1.63 6.10
8.5 1.21 5.29
9 1.07 5.03

to the right of the decimal point. The sensitivity
of these numbers to changes in the input is
different in different parts of the table.

4. Calculation of K9 for H MO 5H MHOO av 2 av 22

from Table 1 treated as experimental data

Since a single molecule of molecular oxygen is
bound by M, the rows in Table 1 can be interpreted
in terms of

9w xO yK2 O2N̄ s (12)O2 9w x1q O yK2 O2

where the definition of is given in Eq.(10).9KO2

This apparent equilibrium constant can be calcu-
lated in a number of ways, of which a familiar
one is the Lineweaver–Burk method of enzyme
kinetics. The values of at the nine pH values9KO2

and two temperatures in Table 1 are calculated by
use of Fit inMathematica, and one way to do it
is to fit 1y linearly with respect to 1ywO x.N̄O 22

These ‘experimental’ values are given in Table 2.
There are two additional ways to obtain as9KO2

a function of pH and temperature from Table 1.
The other two ways are based on the observation
that plots involving the dependence of functions
of vs. pH at a given temperature approach theN̄O2

same limiting form at both lowwO x and high2

wO x. These two additional ways to construct Table2

2 from Table 1 are described in Appendix A.

5. Calculation of K and pKs from K9O2

Table 2 makes it possible to calculateK, pK ,1M
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Fig. 1. Fit of plot of apparent equilibrium constants from Table 2 at 293.15 K forKs1.00=10 and pK s7.70, 7.80, 7.85, 7.90y5
1M

and 8.00 in Eq.(13).

pK , pK and at 293.15 and 313.15MO pK2M 1 2 2MO2

K. The form of the function (see Eq.(10))9KO2

makes it difficult to determine these five constants
by non-linear curve fitting, butMathematica can
be used in a multi-step process starting at high pH
where onlyK and pK are involved so that1M

ypHqpK1MK ‘(high pH)sK(1q10 ) (13)O2

Various values ofK and pK were tested by1M

making plots, and the best fit of the apparent
equilibrium constants in Table 2 for 293.15 K was
obtained withKs1.00=10 and pK very closey5

1M

to 7.85. This is shown in Fig. 1.
This plot shows that is very sensitive to the9KO2

value of pK at high pH, as expected since it is1M

in the exponent. At pH 7.5 and lower, Eq.(13)
gives too high a value because the exponential
terms in the denominator are becoming important.
It is not possible to determine pK separatelyMO1 2

from pK because these values are close andMO2 2

their sum is in the term involving the square of

the hydrogen ion concentration. Fig. 2 shows
calculations using

9K (intermediate pH)O2

pK ypH1M1q10
sK pK ypH pK qpK y2pH1MO 1MO 2MO2 2 21q10 q10

(14)

with pK s7.85 and various values of the other1M

two pKs.
Curve (b) gives the best fit on the right side,

but the fit is poor on the left side because the
squared term in the numerator has not been includ-
ed. This plot shows that the first and second
dissociations of MO come very close to being2

cooperative; note there is cooperativity when the
difference in two pKs is less than 0.60w10,11x.
Fig. 3 give plots for when pK in Eq. (10)9KO 2M2

is varied from 5.36 to 5.56.
In summary, this section has shown howK,

pK , pK , pK and pK at 293.15 KMO MO1M 2M 1 2 2 2

can be calculated from Table 1 treated as experi-
mental data. These calculations can be repeated
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Fig. 2. Plot ofK9 at 293.15 K using Eq.(14) with (a) 6.77 and 5.94,(b) 6.67 and 6.04,(c) 6.57 and 6.14 and(d) 6.47 and 6.24.O2

The lowest curve is(a) and the highest curve is(d).

with the values of in Table 2 at 313.15 K,9KO2

and D H can be calculated for each of the fiveo
r

reactions involving species.

6. Calculation of standard further transformed
Gibbs energies of formation of H MOav 2av

There are two ways to calculate
D G99 (H MO ) as a function ofT, pH andwO xo

f av 2av 2

from measurements of . One way is to integrateN̄O2

Maxwell relation(11). The other way is to simply
use Eq.(9). To use the first way, the expression
for in Eq. (12) is substituted in MaxwellN̄O2

relation(11) and the integration is carried out.

1oD G99 (H MO )qconstsyRT dxf av 2av |1qx
B Ew xO2C FsyRTln(1qx)syRTln 1q (15)

9
D GKO2

where xswO xy . This yields the second term9K2 O2

in Eq. 9, and so it is clear that the integration
constant isyRTlnP , which is a function ofTM

and pH, but notwO x. Thus,D G99 (H MO ) aso
2 f av 2av

a function of temperature, pH andwO x can be2

calculated from measurements of at a seriesN̄O2

of temperatures, pHs and concentration of molec-
ular oxygen.

The second way is to simply use Eq.(9). The
program calcstdfrtrGe for doing this inMathema-
tica is given in Appendix A. This program has
been used to calculate Table 3.

The function of T, pH and wO x that yields2

D G99 is very important because it can be used too
f

calculate all of the other thermodynamic properties
of the system.

7. Calculation of other further transformed
thermodynamic properties of H MOav 2av

Now the following Maxwell relations involving
D G99 can be used to calculate ,D H99 , ando oN̄f H f

D S99 .o
f

B E1 ≠D G08f¯ C FN s (16)H
D GRTln(10) ≠pH T,P,wO x2
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Fig. 3. Plot ofK9 at 293.15 K using Eq.(10) with pK s5.36, 5.46 and 5.56.O 2M2

B E≠(D G08yT)f2C FD H08syT (17)f
D G≠T P,pH,wO x2

B E≠D G08fC FD S08sy (18)f
D G≠T P,pH,wO x2

Tables of these properties at the two tempera-
tures are given in Tables 4–6.

Note that althoughD H of species are assumedo
f

to be independent of temperature, standard further
transformed enthalpies do depend on temperature
because the composition of pseudoisomer groups
depends on temperature.

Note that althoughD S of species are assumedo
f

to be independent of temperature, standard further
transformed entropies do depend on temperature
because the composition of pseudoisomer groups
depends on temperature. The previous articlew1x
called attention to Maxwell relations that show
that the dependence ofD H99 and D S99 on pHo o

f f

and wO x are determined by the dependencies of2

and on temperature.¯ ¯N NH O2

8. Calculation of standard transformed ther-
modynamic properties of the biochemical reac-
tion H MO 5H MHOav 2 av 2

Since is known as a function ofT and pH,9KO2

D G9 for the biochemical reaction H MOso
r av 2

H MqO can be calculated as a function ofTav 2

and pH by usingD G9 syRTln . All the othero 9Kr O2

standard transformed reaction properties of this
reaction can be calculated by taking partial deriv-
atives ofD G9 . Table 7 gives the thermodynamico

r

properties at five pH values and two temperatures.
Note thatD H9 andD S9 do depend on temper-o o

r r

ature because H M and H MO are pseudoisomerav av 2

groups that change in composition with tempera-
ture. The change in binding of hydrogen ions is
positive at pH 7 and pH 8. Thus, when oxygen is
dissociated, there is an uptake of hydrogen ions at
the binding site. This Bohr effect is important
because it means that when oxygen is taken up by
hemoglobin in the lungs, H ions are dissociated.q

This serves the function of converting HCO toy
3

H CO , which dissociates to H O and CO under2 3 2 2

the action of carbonic anhydrase.
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Table 3
Standard further transformed Gibbs energies of formation of H MO at two temperaturesav 2av

wO xs10y7
2 wO xs10y6

2 wO xs10y5
2 wO xs10y4

2 wO xs10y3
2 wO xs10y2

2

293.15 K
pH 5.0 y19308 y19352 y19755 y22012 y26768 y32275
pH 5.5 y14778 y14812 y15129 y17069 y21627 y27103
pH 6.0 y11030 y11055 y11297 y12917 y17226 y22659
pH 6.5 y7890 y7916 y8158 y9783 y14095 y19529
pH 7.0 y5158 y5198 y5564 y7692 y12373 y17869
pH 7.5 y2888 y2964 y3618 y6566 y11640 y17191
pH 8.0 y1323 y1453 y2472 y6094 y11377 y16954
pH 8.5 y512 y687 y1965 y5926 y11290 y16876
pH 9.0 y190 y385 y1780 y5871 y11262 y16851

313.15 K
pH 5.0 y18376 y18386 y18484 y19302 y22706 y28214
pH 5.5 y13434 y13442 y13520 y14195 y17291 y22690
pH 6.0 y9355 y9361 y9426 y9997 y12831 y18123
pH 6.5 y6056 y6064 y6146 y6844 y9993 y15413
pH 7.0 y3426 y3442 y3590 y4736 y8687 y14351
pH 7.5 y1594 y1622 y1879 y3608 y8208 y14012
pH 8.0 y615 y653 y1007 y3139 y8049 y13906
pH 8.5 y214 y258 y660 y2973 y7998 y13873
pH 9.0 y73 y119 y540 y2919 y7981 y13862

The energies are in J mol , and the oxygen concentrations are molar.y1

Table 4
Average binding of hydrogen ions by H MO at two temperaturesav 2av

wO xs10y7
2 wO xs10y6

2 wO xs10y5
2 wO xs10y4

2 wO xs10y3
2 wO xs10y2

2

293.15 K
pH 5.0 1.7423 1.7453 1.7709 1.8567 1.9050 1.9122
pH 5.5 1.4740 1.4778 1.5109 1.6420 1.7331 1.7479
pH 6.0 1.2108 1.2126 1.2286 1.3031 1.3686 1.3806
pH 6.5 1.0407 1.0386 1.0195 0.9308 0.8531 0.8389
pH 7.0 0.9030 0.8944 0.8220 0.5619 0.4028 0.3783
pH 7.5 0.6975 0.6802 0.5525 0.2611 0.1526 0.1388
pH 8.0 0.4141 0.3950 0.2756 0.0977 0.0516 0.0462
pH 8.5 0.1818 0.1703 0.1068 0.0328 0.0167 0.0149
pH 9.0 0.0656 0.0609 0.0364 0.0106 0.0053 0.0047

313.15 K
pH 5.0 1.7714 1.7719 1.7774 1.8159 1.8921 1.9169
pH 5.5 1.5096 1.5103 1.5171 1.5684 1.6887 1.7348
pH 6.0 1.2193 1.2194 1.2202 1.2262 1.2425 1.2497
pH 6.5 0.9898 0.9884 0.9754 0.8786 0.6577 0.5755
pH 7.0 0.7553 0.7520 0.7205 0.5292 0.2591 0.1918
pH 7.5 0.4617 0.4575 0.4197 0.2434 0.0883 0.0598
pH 8.0 0.2096 0.2068 0.1828 0.0904 0.0286 0.0187
pH 8.5 0.0770 0.0758 0.0657 0.0303 0.0091 0.0059
pH 9.0 0.0257 0.0252 0.0217 0.0098 0.0029 0.0019

Oxygen concentrations are molar.
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Table 5
Standard further transformed enthalpies of formation of H MO at two temperaturesav 2av

wO xs10y7
2 wO xs10y6

2 wO xs10y5
2 wO xs10y4

2 wO xs10y3
2 wO xs10y2

2

293.15 K
pH 5.0 y33131 y34199 y43094 y72965 y89784 y92278
pH 5.5 y34705 y35513 y42511 y70236 y89510 y92650
pH 6.0 y35962 y36545 y41773 y66125 y87516 y91447
pH 6.5 y35769 y36282 y40871 y62204 y80881 y84307
pH 7.0 y33068 y33721 y39250 y59121 y71281 y73150
pH 7.5 y26233 y27446 y36437 y56953 y64588 y65564
pH 8.0 y15930 y18344 y33404 y55837 y61648 y62323
pH 8.5 y7347 y11061 y31536 y55401 y60603 y61186
pH 9.0 y3035 y7501 y30754 y55252 y60260 y60814

313.15 K
pH 5.0 y32829 y33057 y35248 y50661 y81122 y91059
pH 5.5 y34257 y34434 y36144 y48948 y79038 y90557
pH 6.0 y35122 y35255 y36549 y46686 y74095 y86187
pH 6.5 y33479 y33615 y34930 y44677 y66917 y75194
pH 7.0 y27456 y27686 y29848 y42998 y61564 y66186
pH 7.5 y17262 y17736 y21976 y41749 y59145 y62345
pH 8.0 y7969 y8745 y15417 y41100 y58280 y61028
pH 8.5 y3013 y3980 y12130 y40848 y57995 y60602
pH 9.0 y1087 y2134 y10890 y40762 y57904 y60467

The enthalpies are in J mol . The oxygen concentrations are molar.y1

Table 6
Standard further transformed entropies of formation of H MO at two temperaturesav 2av

wO xs10y7
2 wO xs10y6

2 wO xs10y5
2 wO xs10y4

2 wO xs10y3
2 wO xs10y2

2

293.15 K
pH 5.0 y47.15 y50.65 y79.61 y173.82 y214.96 y204.69
pH 5.5 y67.98 y70.62 y93.41 y181.37 y231.56 y223.59
pH 6.0 y85.05 y86.95 y103.96 y181.50 y239.78 y234.65
pH 6.5 y95.10 y96.76 y111.59 y178.82 y227.82 y220.97
pH 7.0 y95.21 y97. 30 y114.91 y175.44 y200.95 y188.57
pH 7.5 y79.63 y83.51 y111.95 y171.88 y180.62 y165.01
pH 8.0 y49.83 y57.62 y105.52 y169.69 y171.49 y154.77
pH 8.5 y23.31 y35.39 y100.88 y168.77 y168.22 y151.15
pH 9.0 y9.71 y24.27 y98.84 y168.45 y167.14 y149.97

313.15 K
pH 5.0 y46.15 y46.85 y53.53 y100.14 y186.55 y200.69
pH 5.5 y66.50 y67.03 y72.24 y110.98 y197.18 y216.72
pH 6.0 y82.28 y82.69 y86.61 y117.16 y195.64 y217.35
pH 6.5 y87.57 y87.98 y91.92 y120.81 y181.78 y190.91
pH 7.0 y76.73 y77.42 y83.85 y122.18 y168.86 y165.53
pH 7.5 y50.03 y51.46 y64.18 y121.80 y162.66 y154.35
pH 8.0 y23.48 y25.84 y46.02 y121.22 y160.41 y150.48
pH 8.5 y8.94 y11.89 y36.63 y120.95 y159.66 y149.23
pH 9.0 y3.24 y6.44 y33.05 y120.85 y159.42 y148.83

The entropies are in J K mol . The oxygen concentrations are molar.y1 y1
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Table 7
Thermodynamic properties of the biochemical reaction
H MO sH MqOav 2 av 2

pH 5 pH 6 pH 7 pH 8 pH 9

293.15 K
=109 5KO2

4.91 8.53 5.45 1.63 1.07
log 9KO2

y4.31 y4.07 y4.26 y4.79 y4.97
D G’ o

r 24184 22835 23927 26867 27906
D Nr H y0.1711 y0.1715 0.5285 0.3708 0.0615
D H’ o

r 59559 56024 40375 46754 58383
D S’ o

r 120.67 113.22 56.11 67.84 103.96

313.15 K
=109 5KO2

23.38 35.69 15.28 6.10 5.03
log 9KO2

y3.63 y3.45 y3.82 y4.21 y4.30
D G9or 21769 20668 22877 25269 25771
D Nr H y0.1490 y0.0315 0.5725 0.1923 0.0240
D H9or 59618 52902 39348 53470 59797
D S9or 120.87 102.94 52.60 90.06 108.66

The energies are given in J mol and the entropies arey1

given in J K mol .y1 y1

Table 9
Standard thermodynamic properties of species at 298.15 K

D G ykJ molo y1
f D H ykJ molo y1

f D S yJ K molo y1 y1
f

M 0 0 0
HM y44.17 y37.7 21.68
H M2 75.44 44.00 147.70
MO2 y11.11 y72.40 y205.59
HMO2 y48.54 y110.10 y206.50
H MO2 2 y83.12 y103.80 y169.37
Hq 0 0 0
O2 16.40 y11.70 y94.25

Table 8
Standard reaction properties at 298.15 K of the five dissociation reactions in terms of species

K or pK D Go
r D Ho

r D S o
r

K(MO sMqO )2 2 0.0000152 27.50 60.70 111.34
pK (HMsHqM)1M 7.74 44.17 37.70 y21.68
pK (H MsHqHM)2M 2 5.48 31.27 y6.30 y126.02
pK (HMO sHqMO )MO1 2 2 2 6.56 37.43 37.70 0.91
pK (H MO sHqHMO )MO2 2 2 2 2 6.06 34.58 y6.30 y137.13

The energies are in kJ mol , and the entropies are in J K mol .y1 y1 y1

The fact thatD S9 is always positive means thato
r

it is easier for O to dissociate. The dependencies2

of D S9 and D H9 on pH are a consequence ofo o
r r

the effects of temperature onD N as indicated byr H

the Maxwell relations discussed in the previous
paperw1x.

9. Calculation of standard thermodynamic
properties of the chemical reaction MO 5MH2

O and the acid dissociations2

The equations that give the temperature depend-
encies ofK and the four pKs are in theMathe-
matica program in Appendix A. These equations
contain all the thermodynamic information on the
five reactions involving species. These standard
reaction properties can be calculated at any tem-
perature in the range approximately 273.15–
313.15 K, but here they are calculated at 298.15
K because that is the usual temperature for chem-
ical thermodynamic tables. The calculations in this
paper are based on the assumption thatD S9 ando

r

D H9 are independent of temperature for theseo
r

reactions. For reactions in ideal gases, standard
entropies of dissociation are positive because the
products are more random than the reactants. The
acid dissociations are exceptions to this rule
because there is a reorganization of H O around2
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the products that decreases the entropies of the
products.

10. Calculation of standard thermodynamic
properties of species

Eight species are involved in these five chemical
reactions, and the standard thermodynamic prop-
erties of two of themwH and O(aq)x are avail-q

2

able in the NBS Tablesw12x. Since the standard
thermodynamic properties of the remaining six
species cannot be calculated from the properties
of the five reactions, the properties of M are
assigned values of zero at each temperature. This
is the same as the convention of the usual chemical
thermodynamic tables for H . The standard for-q

mation properties of species calculated from
D G , D H andD S in Table 8 are given in Tableo o o

r r r

9.
The entropy of formation of O(aq) at 298.152

K, which is not given in the NBS Tables is
(D H yD G )y298.15sy94.25 J K mol .o o y1 y1

f f

This is the most efficient way to store thermo-
dynamic information because Table 9 can be used
to calculate all the tables discussed in this paper.
Calculations can also be made on other reactions
that involve these species. These values are com-
patible with the NBS tables except for the lack of
treatment of ionic strength effects. The standard
Gibbs energies of formation of these species can
be calculated at temperatures not too far away
from 298.15 K by use of the following equation:

D G8(T)s(Ty298.15)D G8(298.15)f f

q(1yTy298.15)D H8(298.15) (19)f

11. Discussion

This paper shows how measurements of atN̄O2

specified temperatures, pHs and concentrations of
molecular oxygen for a simple binding system can
be used to calculate the standard further trans-
formed properties, standard transformed properties,
and standard properties of species. This simple
system was not chosen as a model of hemoglobin–
oxygen binding, but is used to show how important

thermodynamic information on species involved in
protein–ligand binding can be obtained by use of
transformed thermodynamic properties. The first
step in this process is to calculate for the9KO2

reaction H MOsH MqO at each pH and tem-av 2 av 2

perature. There are three different ways this can
be done: one in the text and two in Appendix A.
The second step is to calculateK for the reaction
MO sMqO and the four pKs at each tempera-2 2

ture by the use of curve fitting. When measure-
ments are made at two temperatures, the standard
enthalpies of reaction can be calculated for each
chemical reaction on the assumption thatD H iso

f i

independent of temperature. The third step is to
calculateD G99 of H MO as a function ofT,o

f av 2av

pH and wO x using Eq.(9). This thermodynamic2

property is especially important because it contains
all the thermodynamic information about the reac-
tion system. Tables are presented forD G99 , ,o N̄f H

D H99 and D S99 , all calculated from Table 1 ofo o
f f

values. These thermodynamic properties areN̄O2

related to each other by Maxwell relations, as
described in the previous paper. In additionD G9 ,o

r

logK9, D H9 , D S9 and D N for H MO so o
r r r H av 2

H MqO are calculated. These properties areav 2

interrelated by a different set of Maxwell relations.
Finally, the reaction MOsMqO is considered,2 2

and the standard thermodynamic properties of
species are calculated. The values ofD G ando

f

D H for eight species at one temperature can beo
f

used to calculate all the properties discussed in
this paper.

The expressions forD G9 and D G99 are quiteo o
r f

complicated, but their various partial derivatives
can be calculated usingMathematica. Programs
used here are available free in digital form from
MathSource w9x.
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Appendix A:

calcstdfrtrGe:sModulew{ pK1M, pK2M,
pK1MO2, pK2MO2, k, pM, pMO2, kprimeO2} ,
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(*This program derives the function of tempera-
ture, pH, and concentration of molecular oxygen

that yields the standard further transformed Gibbs
energy of formation of

Fig. 4. Plot ofwO xy from Table 1 vs. pH at 293.15 K forwO xs10 M (lowest points), 10 M, and 10 M(highest points),y7 y6 y5N̄2 O 22

which shows that this function converges to a plot of vs. pH aswO x is reduced.9KO 22

Two alternate ways to obtain as a function9KO2

of T and pH:

As wO x becomes much smaller than , Eq.9K2 O2

(12) approacheswO xy , so that in the limit of9K2 O2

low wO x, . This plot is illustrated9 ¯w xK s O yN2 O 2 O2 2

in Fig. 4. The pairs of points at the two lowest
oxygen concentrations are almost superimposed.
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Fig. 5. Plot ofwO x(1y ) from Table 1 vs. pH at 293.15 K forwO xs10 M (highest points), 10 M and 10 M(lowesty2 y3 y4N̄2 O 22

points), which shows that this function converges to a plot of aswO x is raised.9KO 22

Eq. (12) can also be written as

1
N̄ s (A1)O2 9 w x1qK y OO 22

As wO x becomes much larger than , this9K2 O2

equation can be written as s1y ywO x by9N̄ KO O 22 2

taking the first two terms of a series expansion.
Thus, aswO x increases, the limiting form of Eq.2

(12) can be written as

9¯w xO (1yN )sK (A2)2 O O2 2

This is illustrated in Fig. 5.
These two methods are not used here, but are

described to show what can be done whenN̄O2

can be determined more accurately at high or low
oxygen concentrations. The limiting plots of9KO2

can be calculated from measurements at high and
low wO x by use of linear extrapolations described2

for determining equilibrium constants for dimer-
tetramer equilibriaw13x.
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